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Abstract 
For transition prediction of boundary layers using linear stability theory, one has to follow the evolution of individual Tollmien-
Schlichting wave, or more specifically, to find the path of propagation and amplification factor of the wave, as well as to figure 
out the most critical one among all possible waves. However, its application in three-dimensional boundary layers is not 
straightforward. Among several different formulations of the method, the one proposed by Cebeci and Stewartson is 
mathematically most sensible, using least plausible argument. However, its physical implication is not so obvious, or even seems 
irrelevant to real problems. The aim of this study is to clarify these problems. It turned out to be that the evolution of the wave 
obtained by applying Cebeci-Stewartson’s method is essentially the same as the evolution of the peak of a certain wave packet, 
and slow variation of the boundary layer, for example the non-parallelism of the boundary layer, does not cause problem, 
although in the original formulation of Cebeci and Stewartson, there was an implicit assumptison that the eigen-relation of the 
Tollmien-Schlichting waves should be kept unchanged during their evolutions. 
© 2014 The Authors. Published by Elsevier B.V. 
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1. Introduction 
Transition prediction of boundary layers is of great importance both from theoretical and practical points of view. 
The method of transition prediction based on linear stability theory, for example the eN method, accounts only the 
linear amplification process of modal waves, while the receptivity process, the possible decaying process of modal 
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waves in the linear stage of their evolution, and nonlinear stage of their evolution are all neglected. According to the 
linear stability theory, the small-amplitude disturbance can be written in the form of a travelling wave as 
( )( , , , ) ( ) i x z tQ x y z t q y e D E Z         (1) 
where q(y) is the complex shape function. x, y, z represent the coordinates in stream-wise, wall-normal and spanwise 
directions, respectively. Substituting Eq. (1) into the linearized Navier-Stokes equations results in an eigenvalue 
problem of Orr-Sommerfeld equation withDE and Zas its eigenvalues. DE are wave numbers in stream-wise 
and spanwise direction, respectively. Z is the radian frequency. For spatial mode analysis, Z should be real, while 
DE can both be complex, whose imaginary parts –Di, -Ei represent the growth rate of the disturbance along the 
stream-wise and spanwise direction, respectively. For two-dimensional problems, the eigenvalue D can be uniquely 
determined for a given frequency Z at a given location x (or local Reynolds number). Thus the amplitude of 
disturbances with fixed frequency is given by 
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where Di is the x-dependent growth rate, and x0 is the stream-wise location on the lower branch of the neutral curve 
in the conventional formulation. Since the receptivity can happen at locations far upstream of the location where the 
disturbance would cross the lower branch of neutral curve, a sensible amendment is naturally that x0 should be the 
location not far from where the receptivity is taking place and an initial amplitude can be reasonably estimated, as 
proposed by Su and Zhou1,2. For the application of the method, a criterion of transition is needed3, but we will not 
address this problem in this paper.  
However, its application for three-dimensional analysis is not straightforward. The eigen-relation would have 
two unknowns D andEunder a given Z, and thus some supplement condition needs to be specified to determine D 
andEuniquely. Malik4 took advantage of the temporal analysis. The wave numbers D andE both real, are 
connected by the wave angle I tan-1(E/D). It is suggested that for a fixed frequency Z and x, I is optimized to find 
the wave angle that gives the maximum value Zi/|Vg|, where Vg is the assumed group velocity, connecting the 
temporal and spatial growth rate. Extended to the spatial analysis, the disturbance amplitude should be given by 
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where Vx represents the x-dependent growth rate. V -Di for the case where Ei=0. If Eiz0, an extra condition is 
required to give the value of Ei and V -Di-Eitan\where tan\=z/x. It should be noted that during the process of 
integrating the growth rates along x direction for a fixed frequency, even in the case of Ei=0, the spanwise wave 
numberE would vary with x since it is determined by optimizing I, implying that it does not follow a physical wave.  
 Arnal5 suggested the integration should be implemented for a fixed frequency by keeping spanwise wave 
number Econstant, which is a reasonable choice for following a physical wave. However, noting that Ecould be 
complex, it is extremely labor intensive to apply it in transition prediction since Eis arbitrary given. Mack6 assumed 
E to be real for the case of infinite swept wings, which is quite attractive for simplifying the problem, but it is only 
valid for some specific applications. Besides, the above methods do not specify a path of propagation of the wave. 
The spatial steepest-descent method is used to deal with wave propagation problem by Cebeci and Stewartson7,8, 
Nayfeh9 and then Lingwood10. The object of Cebeci and Stewartson was to evaluate the long term evolution of a 
wave packet with fixed frequency, using the spatial steepest-descent method, a concept close to the derivation of the 
group velocity for water wave from evaluating the long term evolution of a water wave packet. The wave packet is 
written as 
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where q is the shape function of the wave, and D, E and Z satisfy the eigen-relation of Orr-Sommerfeld equation. 
The integration extends to the region where q is non-zero. The steepest-descent method is used to evaluate the 
integral at the point (x, y, z) for time t where x2+z2>>1, which turned out to be a single wave appeared in the 
direction from the origin, determined by the condition = z xD Ew w ˄ ˅ . Since z/x is real, it can be easily derived that 
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        (5) 
where \ is the angle with respect to x axis. Based on the finding, Cebeci and Stewartson proposed that the wave 
with wave numbers satisfying the above condition should be the critical wave for frequency Z, whose direction of 
propagation is determined by \, and its amplitude and the wave propagation path is determined by  
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where the integration starts from points on a curve called zarf, coined by Cebeci and Stewartson. Eigenvalues for 
points on zarf satisfy  0, 0, 0i i iD E D E  w w  . Nayfeh9 and Lingwood10 pointed out some problems in applying 
Cebeci and Stewartson’s method and proposed ways of amendment. 
Compared with the method proposed by Malik4 and Arnal5, Cebeci and Stewartson’s method is based on a 
delicate mathematical method without using plausible physical arguments, and can yield simultaneously the 
direction of wave propagation. However, it does have an implicit assumption which may eventually limit its 
application, namely, the eigen-relation of each individual wave of waves constituting the wave packet is invariant 
during the evolution of wave packet, while in reality, as the boundary layer is likely to change, albeit slowly, both in 
stream-wise and spanwise directions, that assumption is obviously not valid in strict sense. Besides, the method only 
yields result in asymptotical sense, i.e. result when the wave packet has undergone a long term evolution, while for 
practical applications, one has to follow the evolution of waves, not to wait until after a long term evolution. In this 
paper, our main goal is to show, by comparing results from both Cebeci and Stewartson’s method and direct 
numerical simulation of wave packets, how serious, or conversely, how unserious it is for the above seemingly 
unrealistic assumptions. 
2. Solution algorithm and basic flow 
Since Cebeci and Stewartson’s method concerns the amplification of a harmonic wave packet, we investigate a 
corresponding wave packet using DNS in a boundary layer on a flat plate. The governing equations are conservative 
unsteady compressible three-dimensional Navier-Stokes equations, which are made non-dimensional using 
reference variables as below: boundary layer displacement thickness Gat the inlet of the computational domain for 
length; freestream variables Uf, Uf, Tf, Pf for the corresponding quantities and UfUf2 for pressure. The gas is 
assumed to be thermally and calorically perfect. The viscosity coefficient is calculated using Sutherland’s law. 
To solve the Navier-Stokes equations, a 5th order upwind scheme is used for the split nonlinear term, and a 6th 
order central scheme is used for viscous term. The 3rd order Runge-Kutta scheme is used for the time advancing. 
Blasius similarity solutions are used to be the initial conditions and the Blasius profiles are maintained at the inlet in 
the computation. A simple non-reflection boundary condition is used at the upper boundary. That is, the flux coming 
into the computational domain is set to be zero while the flux going out of the domain is computed from the one-
sided difference using the interior and boundary grids. The outflow boundary condition is a second order 
extrapolation one. Non-slip condition is enforced on the wall, which is set to be adiabatic. Periodic boundary 
condition is used in z direction. 
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The oncoming flow conditions are: Mf=2; Uf=0.7364 kg/m3, Tf=255.7K, Pf h-5 Pas; J=1.4, Pr=0.72; 
Re=UfUfG/Pf=5h4. Here G is the boundary layer displacement thickness Gat the inlet of the computational 
domain, i.e. x=0 shown in Fig. 1. The computational domain for computing the basic flow in stream-wise direction 
starts at x=0, a certain distance downstream from the leading edge, and ends at x= xL. After the steady basic flow is 
obtained, the flow filed between 0 and x0 is discarded because there are weak disturbances issuing from x=0 due to 
the adjustment from the Blasius profiles to the solutions of the Navier-Stokes equations. The initial disturbance, 
which is tuned to be of a form of wave packet in z direction, is introduced at x0, a certain distance away from x=0. In 
this paper, x0 is taken to be 200. 
The basic flow is two-dimensional flow with extents in x and y directions, i.e. xL, yL 1595 and 50. In the x 
direction 320 grids are distributed uniformly while three stretched grids with different resolution in y direction have 
been used for testing the accuracy of the result, which has 160, 250 and 320 meshes respectively. The comparison of 
the profiles of the basic flows at x=200 with different resolutions of grids in y direction obtained from DNS is shown 
in Fig. 2(symbols are shown for every 4 grid points). It could nearly not be seen any difference. These three grids 
are all used to compute the disturbed flow. The objective is to show how big influence of the accuracy of the basic 
flow on the computation of the disturbance amplitude, which will be shown in Section 3.3. 
 
Fig. 1. A diagram of computational domain. 
(a) (b) (c)  
Fig. 2. Comparisons of basic flows. (a) stream-wise velocity; (b) wall-normal velocity; (c) temperature. 
3. Results and discussions 
3.1. Linear stability analysis and eN integration 
The disturbance is introduced at the inlet of computational domain, say x=200 in DNS and for comparison the 
integration of eN method should start from x=200 accordingly. Ei is set to be 0 in advance since the periodic 
boundary condition is used in z direction. Here what would be the appropriate criterion for predicting transition and 
where the transition location would be are not main concerns of the present paper. Its main concern is whether the 
method based on linear stability theory is able to achieve reasonable results for amplitude amplification of 
disturbance. Therefore, we just focus on one fixed frequency Z=0.14576, and use both Arnal’s method with keeping 
Econstant and Cebeci-Stewartson’s method to compute the disturbance amplitude. 
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The basic flow computed with 250 meshes in y direction is used here. The linear stability analysis is performed 
first to seek the value of Er that gives the dominant growth rate for different x, which is crucially important to reduce 
the range of Er needed to be considered in the integration of growth rates since in Arnal’s methodEr can be 
arbitrarily given. Figure 3 (a) shows the variations of Di with Er obtained at x=200, 600, 1500 for Z=0.14576. 
According to Arnal’s method, the integration of growth rates should be performed with each fixed Er. It can be seen 
that the value of Er possibly giving maximum amplification of amplitude after integrating is about 0.13, and 
therefore we performed the integration for disturbances whose Er is between 0.11 and 0.16, a wide range centered on 
Er=0.13 to see which one gives the maximum disturbance amplitude. While according to Cebeci-Stewartson’s 
method, the integration should be performed for the wave whose D, Esatisfy ( ) 0iD Ew w  , indicating that the 
growth rate is maximized over Er for each x before integrating, and coupled with assuming a priori that Ei=0, Di can 
be uniquely determined. The trace ended by an arrow in Fig. 3 (a), connecting each minimum points of curves for 
different x, points the way where the integration of Cebeci-Stewartson’s method follows in (Di,Er) space. Figure 3 
(b), (c) shows the variation of N, obtained by integrating growth rates for different constant Er, with x, and also the 
result given by Cebeci-Stewartson’s method, which is labeled by ‘varying Er’. It can be seen that in Arnal’s method 
the dominant amplification of amplitude is obtained by holding Er to be 0.13. And the amplitude given by Cebeci-
Stewartson’s method should definitely be bigger than any curve obtained from Arnal’s method, since it actually 
pieces together the successive maximum growth rates of waves with different Er. However, as you can see in the 
enlarged plot Fig. 3(c), it is nearly identical to the curve obtained by Arnal’s method by holding Er=0.13. That’s 
because the value of Er giving the dominant growth rate does not change much with increasing x, resulting in very 
close growth rates compared to Arnal’s method. Apparently, Cebeci-Stewartson’s method is more efficient without 
repeating integration with different constant Er. Hereafter, the comparison with DNS is only made for Cebeci-
Stewartson’s method since both methods actually produce extremely close results while Arnal’s method does not 
provide the path of magnitude of the disturbance. 
(a) (b) (c)  
Fig. 3. (a) variation of Di with Er; (b) variation of N with x; (c) enlarged plot of (b). 
3.2. Initial disturbances introduced in DNS 
The initial disturbance is tuned, based on the T-S wave from linear stability analysis, to be of a form of a wave 
packet in z direction, which is given by 
0 ( ) ( ) . .
i tQ A G z q y e c cZ          (7) 
where A0 is the initial amplitude of the disturbance. ( )q y  denotes the vector of eigenfunction of disturbed 
quantities solved from linear stability theory with given Z=0.14576 and E=0.1355. G(z) gives the form of the wave 
packet in z direction. Two types of wave packet, denoted by G1(z) and G2(z) are considered in case 1 and case 2 
respectively in this paper, which are given by 
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Case 2:  
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where a in case 1 is taken to be 7.5h-5, while b=3h-3, Ec =0.18 in case 2. The coefficient A0 is taken to be 
1.5u10-8, 1.33u10-5 in case 1 and case 2 respectively, which are small to make sure the wave packets remain linear 
throughout the entire computational domain. The extent in z direction is from -695 to 695, with 450 and 600 grids 
distributed uniformly in case 1 and case 2, respectively. Figure 4 shows the distribution of real part of G1(z) and 
G2(z) along z direction. The component for each wave number E can be obtained by Fourier transform given by 
0( ) ,
n
N
i z
n n
n N
G z C e nE E E
 
  ¦        (10) 
where E0=2S/zL, and Cn is a complex coefficient whose modulus |Cn| represents the amplitude of the Fourier 
component with spanwise number En. In this paper, N is taken to be 128. Figure 5 shows |Cn| as a function of their 
wave numbers by preforming Fourier transform for G1(z) and G2(z). It can be seen that for case 1, the initial 
disturbance is actually composed of the neighboring waves of the one whose E=0.1355 giving the dominant growth 
rate at x0, and the component with E=0.1355 has the biggest initial amplitude. While for case 2, the components with 
Erbetween -0.18 and 0.18, are considered simultaneously on an equal basis of initial amplitude. It is in accord with 
the basic idea of eN method that each mode evolves linearly with equal initial amplitude and competes to see which 
one amplifies most to trigger transition. However, the waves constituting the wave packet excited via receptivity are 
assumed to have the same shape function.  
(a) (b)  
Fig. 4. Distribution of G(z) along z direction. (a) real[G1(z)]; (b) G2(z). 
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(a) (b)  
Fig. 5. Amplitude of Fourier components for G(z) as a function of their wave numbers. (a) case 1 for G1(z); (b) case 2 for G2(z). 
3.3. Comparisons of results from Cebeci-Stewartson’s method with those of DNS for  wave packets 
3.4.1 Case 1 
The initial disturbance given by Eq. (7) and Eq. (8) are introduced at x0, the unsteady three-dimensional Navier-
Stokes equations are used to solve the disturbed flow. The computation is performed until the whole flow field 
becomes totally periodic with time. Figure 6 shows the contour of instantaneous stream-wise disturbance velocity uc 
in the plane y=0.55. Figure 7 shows the shape of the wave packet along z direction, which is obtained by seeking the 
maximum value of the disturbance within a time period for each x. One can see that the amplitude of the wave 
packet amplifies steadily as it propagates downstream, and the z location of its peak drifts to the direction where z>0. 
The amplitude amplification of the wave packet can be got for each x by maximizing the shape of the wave 
packet shown in Fig. 7 over z, as shown in Fig. 8(a) labeled by ‘DNS: jn=250’, which is compared to the disturbance 
amplitude given by Cebeci-Stewartson’s method using Eq. (6) with xzarf=200 and Azarf=1.5h10-8. Obviously here 
xzarf is not actually the point on zarf, but the x location where the disturbance is introduced and Azarf is the initial 
amplitude of the wave packet. The results given by DNS with 160 and 320 meshes in y direction are also depicted. 
Clearly, curves given by DNS with 250 meshes and 320 meshes are quite close, both of which agree with the result 
given by Cebeci-Stewartson’s method very well. The result from DNS with 160 meshes in y direction gives a little 
bit lower curve compared to the others, indicating that its number of mesh in y direction is not enough to achieve a 
good accuracy for computation of disturbance amplification, although almost no difference can be observed in the 
comparison of basic flow with the other two grids in y direction. Figure 8 (b) shows the propagation path and the 
path of peak of the wave packet obtained by DNS. Again, the result of DNS with 320 meshes in y direction shows 
good agreement while the other two grids give slightly lower curves.  
It should be noted that in many practical problems, the spanwise wave number should be real from physical point 
of view, and then applying Cebeci-Stewartson’s method is quite efficient. Notwithstanding the criticism of 
irreverence of a physical wave by piecing the dominant growth rates given by different Er together, it is of much 
practical use. When applied to a slowly varying boundary layer, as shown in present test case, it can still yield 
reasonable result compared to DNS. As for its physical meaning, it actually implies the path corresponding to the 
propagation direction of the peak of a wave packet with the most unstable wave as its central wave. 
3.4.2 Case 2 
Considering the amount of calculation work, we use 250 meshes in y direction to do the DNS for case 2. Figure 
9 shows the distribution of instantaneous stream-wise disturbance velocity uc along z at different x in the plane of 
y=0.55. At the inlet x0=200, the peak of the wave packet is initially located at z=0, which decays gradually and 
another peak appears on each side of z=0 and amplifies with increasing x. Perform Fourier transform using Eq. (10) 
for the instantaneous stream-wise disturbance velocity uc, and the disturbance velocity in the spectral space can be 
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obtained. Figure 10 shows the disturbance uc in the spectral space, which has been maximized over y. The vertical 
thin line shows the position of Er=0.1355, which gives the dominant growth rate at x0=200 from linear stability 
theory. It shows that the components of waves with Er between 0.1 and 0.2 amplify fast not far away from the inlet 
and exceed those whose Er is close to 0. And farther downstream several peaks appear, and eventually a peak 
dominants throughout the amplification, whose Er is very close to 0.1355, the one that gives dominant growth rate at 
x0 by the linear stability theory.  
The comparisons of results given by DNS and Cebeci-Stewartson’s method are shown in Fig. 11. The amplitude 
in the latter method has been multiplied by a factor as the initial amplitude since in the eN method it is not given. It 
shows a significant deviation between results of these two methods at the early stage, but later on up to x=1050 they 
agree well with each other. It is in accord with the nature of the method, as it is derived using the steepest-descent 
method which is only valid for large x. Again, the agreement of propagation paths is always good. 
 
Fig. 6. Instantaneous stream-wise disturbance velocity uc in the 
plane of y=0.55. 
Fig. 7. Distribution of the wave packet along z at different x. 
(a) (b)   
Fig. 8. Comparison of results from DNS and Cebeci-Stewartson’s method, and ‘jn’ denotes the mesh number in y direction used in DNS. (a) peak 
of the wave packet; (b) propagation path of wave packet.  
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Fig. 9. Distribution of instantaneous stream-wise disturbance 
velocity uc along z at different x in the plane of y=0.55. 
Fig. 10. Fourier components of stream-wise velocity in spectral 
space 
(a)  (b)  
Fig. 11. Comparison of results from DNS and Cebeci-Stewartson’s method. (a) peak of wave packet; (b) propagation path of wave packet. 
4. Conclusions 
In this paper, we clarified the physical meaning of Cebeci-Stewartson’s method by investigating the evolution of 
a fixed-frequency wave packet in the boundary layer over a flat plate. By comparing results from Cebeci-
Stewartson’s method with those from DNS for wave packets, it is found that the evolution of the wave specified by 
Cebeci-Stewartson’s method reflects essentially the evolution of the peak of the wave packet, including the path and 
amplification factor. Hence, despite the implicit assumption that the eigen-relation of each individual wave of waves 
constituting wave packet is invariant during the evolution of wave packet, the method can yield very reasonably 
good result when applied to a slowly varying boundary layer, and although the wave propagation direction given by 
Cebeci-Stewartson’s method is seemingly only valid for asymptotically long term evolution, it actually can be used 
for short term evolution of the wave. For the case where the wave packet is centered with the T-S wave whose wave 
numbers satisfy the Cebeci-Stewartson’s condition that ( ) 0iD Ew w  , excellent agreement can be expected. For the 
case where the wave packet is composed of a number of waves with equal initial amplitude but different Er, 
deviation may be observed between results from Cebeci-Stewarton’s method and DNS for a certain initial period of 
wave propagation, but later on the agreement will be better and better, which is in accord with the nature of the 
method, as it is valid for large x.  
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In many practical problems, the spanwise wave number must be real from physical point of view, and then 
applying Cebeci-Stewartson’s method can offer a unique solution to the eigenvalue problem. Comparing with the 
method by keeping E constant, which seems sensible from physical point of view, the efficiency of Cebeci-
Stewartson’s method is obviously superior.  
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